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We study equilibrium shapes and shape transformations of a confined semiflexible chain inside
a soft lipid tubule using simulations and continuum theories. The deformed tubular shapes and
chain conformations depend on the relative magnitude of their bending moduli. We characterise
the collapsed macromolecular shapes by computing statistical quantities that probe the polymer
properties at small length scales and report a prolate to toroidal coil transition for stiff chains.
Deformed tubular shapes, calculated using elastic theories, agree with simulations. In conjunction
with scattering studies, our work may provide a mechanistic understanding of gene encapsulation
in soft structures.
Motivation: When a polymer is confined in a cavity,
the number of configurations it can explore (in compari-
son to a free chain) is reduced resulting in a lower entropy
state. This reduction in the chain conformational en-
tropy manifests as a pressure exerted by the chain on the
walls of the container [1]. Since all physical systems have
finite boundaries, theoretical and experimental investiga-
tions rooted in calculating static and dynamic behaviour
of confined chains has been of long standing interest [1, 2]
(see Refs [1-9] in [3]). In recent times, theoretical [3–23],
experimental [24–30], and computational [3, 9–23] stud-
ies of polymer chains confined in a cylindrical tube has
garnered a lot of interest, due to a wide range of phys-
ical applications including gel permeation chromatogra-
phy [31], oil recover etc. [32].
Most studies so far have focused on macromolecular
confinement in rigid tubes [3, 9–23]. In this paper we
study the effect of soft confinement on the conforma-
tional properties of a semiflexible polymer. Our motiva-
tion stems from studying biological structures with mod-
ulii ∼ 10−20kBT , which are pliant such that a confining
macromolecule with dimensions larger than the confining
box is able to deform it bringing about a shape change.
Such deformed shapes are observed in several biophysi-
cal contexts, e.g. during bacterial conjugation involving
gene transfer between bacteria via pili [24, 28], intercel-
lular transport of DNA, [24] and in bioengineering appli-
cations e.g. DNA confined in a lipid tether connecting
two giant unilamellar vesicles (GUVs) [26, 27].
Background: The conformational properties of flexi-
ble and stiff polymer chain inside rigid channels having
different cross-sections (e.g. rectangular/cylindrical etc.)
is now well understood. Scaling and mean field theo-
ries have been extensively used to probe the static and
dynamic properties of such confined polymer chains[3, 9–
23], with the aim of validating the blob picture [1]. These
studies show that the extension of the polymer chain
transverse to the confining direction of the tube scales
with the polymer length N and the undeformed tube di-
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ameter D, as R|| ∼ ND− 23 , in a good solvent, in excellent
agreement with theoretical predictions [1].
The statistical properties of macromolecules under soft
confinement however, are relatively unexplored. Long
semiflexible polymers confined in soft tubes the chain
adopts a globular configuration if the radius of gyration
of the chain in free space is greater than the diameter of
the confining tube, i.e. Rg > D [4]. Assuming a spher-
ical ansatz, such a soft tubular confinement results in
a chain with statistical properties intermediate between
a collapsed globule, i.e. (Rg ∼ N 13 ), and a free poly-
mer chain in a good solvent (Rg ∼ N 35 ). Electrophoresis
experiments of DNA confined inside a lipid tubule [27]
reveal a “snake” to “globule” conformational transition
akin to the theoretical predictions [4]. The intensity of
the fluorescent DNA, used as a marker to probe the con-
formational transition, shows a linear increase in inten-
sity above a critical polymer size signalling a collapse to
a globular state [27]. Simulations to confirm the scaling
results of a polymer confined in soft tubes have been car-
ried out using Monte Carlo [5, 8] and molecular dynamics
[7].
In this paper we investigate the equilibrium shape of
a lipid tubule with a confined semiflexible polymer us-
ing coarse-grained molecular dynamics simulations and
continuum elastic theories. We characterise the confined
macromolecular shapes of the chain as a function of the
(i) length of the polymer chain Nσ, (ii) its persistence
length lp, (iii) equilibrium radius R0, and (iv) the bend-
ing modulus κ of the confining tubule. For soft tubules
i.e. κ ≤ 15kBT , the entropic pressure from the poly-
mer chain is enough to deform the tubule resulting in a
globular chain conformation. In this regime, the maxi-
mum radial extent R⊥ scales with the polymer size Nσ
as R⊥ ∼ N2/5σ [4]. However, unlike a spherically sym-
metric chain conformation assumed in scaling studies we
observe an ellipsoidal globular shape with parts of the
chain leaking into the undeformed sections of the tube i.e.
R|| > R⊥ (see Fig.1). Consequently, the bounding bilayer
tubule adopts a “drop on a fibre” [33] geometry with the
maximum radial bulge Dm/2 showing a power law scaling
with the polymer size as 〈Dm/2〉 ∼ N0.27±0.02. We com-
pute the pressure P required to bring about the volume
change from a cylindrical to a prolate ellipsoidal tubule
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2FIG. 1. Equilibrium snapshots of axial and radial cross sec-
tion of a semiflexible polymer (green beads) of size N =
2000σ, confined in a bilayer lipid tubule with hydrophilic head
groups (red beads) and hydrophobic tails (blue) obtained from
CGMD simulations (SI). For rigid tubules κ = 24kBT (a)
& (d) a swollen chain is seen, while for softer κ = 12kBT
tubules (b) & (e) a globular conformation is observed. A pro-
late ellipsoidal conformation is observed for lp = 13σ, while
for lp ' 200σ, (such that lp & ξ) a toroidal coil (c) & (f) is
seen. (see also SI Movies.)
by coarse-graining the tubular profiles obtained from sim-
ulations and using a variational formulation. This en-
tropic pressure exerted by the polymer is directly propor-
tional to the chain size Nσ, and the persistence length
lp and inversely proportional to the radius of the con-
fining tube R0. We report a novel conformational tran-
sition of the confined polymer from a prolate ellipsoid
to ordered toroidal coil as a function of its persistence
length lp. We identify and compute statistical measures
to distinguish between different compact conformational
states of the confined chain based on e.g., (a) tangent-
tangent correlation function, (b) the asphericity param-
eters ∆, and Ξ, (c) radial distribution function g(r), and
(c) monomer density distribution ρ(r) for hard spherical,
and soft tubular confinement for semiflexible chains (with
different lp), in good and bad solvents. It is important
to note that our results are valid in the regime ξ << L,
where ξ corresponds to the deformation of the tubule in
the axial direction (see Fig. 1), and L is the length of
the tubule. For shorter tubules and long polymer chains,
such that ξ/L & 1, the integrity of the membrane is com-
promised resulting in a disintegration of the lipid tubule
and the chain leaking out into free solution.
Tubule properties: We consider a bilayer membrane
tubule of radius R0, and length L having a constant area
A0 = 2piR0L with R0 << L. The elastic energy of defor-
mation of the tubule is described by the Helfrich-Canham
Hamiltonian [34]
F = κ
2
∫
A0
(c1 +c2−c0)2dA+Σ
∫
A0
dA−∆p
∫
V0
dV, (1)
where κ and Σ correspond to the bending modulus and
the surface tension of the membrane respectively, and ∆p
denotes the pressure difference acting across the mem-
brane. The energy is expressed in terms of the two prin-
cipal curvatures c1, and c2 while c0 is the spontaneous
curvature of the membrane. For a bilayer membrane as
in our case c0 ≈ 0. Further, since we consider a closed
tubule (see SI) the Gaussian curvature term in Eq.(1) in-
tegrates to a constant and is ignored in our analysis. The
undeformed tube radius R0 =
√
κ
2Σ [41, 42] is obtained
by setting ∆p = 0 in Eq.(1) using an area A0, and vol-
ume V0 = piR
2
0L. Variational formulations based on the
Helfrich-Canham Hamiltonian and its variants [35, 36],
depending on the constraints imposed by the physical
situation has been used to derive shapes of closed vesi-
cles and tubules [34–36].
We perform coarse-grained molecular dynamics
(CGMD) simulations of bilayer tubules using the
LAMMPS package (SI) following the Cooke-Kremer-
Deserno model [47, 48]. Within this model we con-
sider a tubule of length L = 300σ, and different radii
R0/σ = 9.2, 11.2, 13.2, 15.2, where σ represents the ra-
dius of a coarse-grained bead and corresponds to the unit
of length in our simulations. The equilibrium radius R0
is dictated by the number of assembled coarse-grained
lipid molecules, and the bending modulus of the tubule
κ ≈ 12kBT , obtained by fitting the height-height fluc-
tuation spectrum to a form obtained from elastic the-
ories [43, 48]. The surface tension Σ = κ/2R20, is ob-
tained as a consistency condition from the expression of
the tether radius.
A semi-flexible polymer is placed inside the tubule and
the coupled polymer-tubule system evolved in time for
t = 5τeq, where τeq = 1×106∆t, is the equilibration time
of the system. The equilibration time τeq is determined
by monitoring the radius of gyration RG(t) of the system
undergoing a swollen to globule transition as a function
of time and noting the time at which the RG(t) satu-
rates to a steady value (SI) starting from different initial
configurations. The total energy of the system fluctuates
around a mean value beyond τeq.
Fig. (1 a & d) shows the axial and radial equilibrium
conformation of a confined polymer in a stiff tubule with
κ = 24kBT . In this regime, i.e. κ & 20kBT , the entropic
pressure due to the polymer is not enough to deform the
tube, resulting in a swollen phase. For softer tubes how-
ever, i.e. κ . 12kBT the polymer adopts a globular
conformation. Fig. (1 b & e) shows axial and radial con-
formations of the polymer in this state. A prolate bulge
with R|| >> R⊥, is observed in this regime. The chain
conformation and hence the shape of the bulge is depen-
dent on its persistence length lp. Thus for lp & ξ, a con-
formational transition where the chain adopts a toroidal
3FIG. 2. Radial bulge 〈D(x)/2〉 of a bilayer tubule of initial ra-
dius R0 = 9.2σ, along its axis x, encapsulating a semiflexible
polymer as a function of its size N . The polymer size is varied
between N = Nmin = 600 (blue line) to Nmax = 2600 (red
line) in increments of ∆N = 200 (a) obtained from coarse-
grained simulations. The maximum radial bulge 〈Dm/2〉 in-
creases with N (panel (a)), while the axial deformation length
ξ is independent of the chain size (panel (b)). The radius of
undeformed cylindrical segments is less than R0 to maintain
the constant area constraint.
conformation is seen in Fig. 1 (c). The bulge shapes ob-
served in this regime are non-prolate (Fig. (1 (f)) with
the cross-section resembling a “hockey-puck” like shape.
The radial deformation of the axisymmetric tubule
having a confined semi-flexible polymer of persistence
length lp = 13.1σ and different polymer lengths N =
600, 800, . . . 2600 are shown in Fig. (2)(a). Time averaged
deformation profiles i.e. the radius of the tube 〈D(x)/2〉,
as a function of the axial distance x is shown, with data
collected every 103∆t after equilibration. While the max-
imum of the radial bulge Dm/2 increases with the poly-
mer size N , the axial deformation length scale ξ is inde-
pendent of the chain length. This can be seen by taking
the derivative of the bulge profile as shown in Fig. (2)(b).
The deformed tubular shapes resemble a “drop wetting a
fibre” [33] (SI), with the deformation length scale in the
axial direction ξ >> Dm/2. It should be noted that the
radius of the undeformed segments is less than R0 en-
forcing the constant area constraint during the swollen
to globule transition. However, there is an associated
increase in volume of the tubule (SI Fig. 3)).
The variation of the maximum radial bulge 〈Dm/2〉 of
the deformed tubule as a function of the chain size N
(600 ≤ N ≤ 7000), for a semiflexible polymer having a
persistence length lp = 13.1σ is shown in Fig. (3). In
Fig. (3), the maximum radial bulge increases with the
length of the confined polymer chain, as 〈Dm/2〉 ∼ Nα,
where α = 0.27 ± 0.02, for tubules with initial radii
R0 = 9.2σ (l) and (S), 11.2σ (n), 13.2σ (t) and 15.2σ
(H). For a given chain length N , the maximum radial de-
formation 〈Dm〉 is less for tubes with larger initial radii
R0. This behaviour can be understood for flexible chains
using a scaling argument. For flexible chains with ex-
cluded volume interactions, the radius of gyration scales
with size as RG ∼ N3/5σ. The tubule deforms when
RG & R0. This places a lower bound on the chain size
N ≈ 41 below which the tubule does not deform. The ef-
fects of semiflexibility is analysed by comparing 〈Dm/2〉
against that of a flexible polymer S in a tube of initial
FIG. 3. (a.) Maximum average radial bulge 〈Dm/2〉 vs. con-
fined chain length N for a semiflexible chain of persistence
length lp = 13.1σ and different initial tubule radii R0 = 9.2σ
(l), 11.2σ (n), 13.2σ (t), and 15.2σ (H) respectively. A flex-
ible polymer in a confining tube of initial radius R0 = 9.2σ
(S), is shown for comparison. Inset shows the variation of the
pressure p˜ exerted by the polymer on the tubule as a function
of its size N , for different initial radii R0.
radius R0 = 9.2σ. While stiffer chains cause larger radial
deformation it does not alter the scaling exponent.
The entropic pressure arising from chain confinement
∆p/κ acting across the lipid bilayer is calculated as a
function of the chain length N using the deformed tubu-
lar shapes (SI). This is shown in the inset of Fig. (3).
First, the elastic free energy difference ∆F between the
reference state i.e. a cylinder of radius R0 and length
L (F = 0) and the deformed state is calculated. By
coarse-graining the deformed profiles, (see SI) we com-
pute the two principal curvatures of the tubule which is
then used in the expression of the Helfrich-Canham en-
ergy in Eq. (1). The free energy difference is then equated
to the work done due to chain insertion in the tubule i.e.
∆F = (∆p/κ)∆V , where ∆V is the accompanied change
in volume of the tubule. The pressure difference ∆p/κ
scales linearly with the chain length N in the strong con-
finement regime independent of the details of the system,
e.g. R0, lp etc.
Polymer properties: A structural characterisation of
the confined chain as a function of its length N al-
lows us to estimate the chain free energy and in turn
the pressure exerted by the chain on the tubule. Thus
F = −kBT lnP (R⊥, R||), where P (R⊥, R||) is the prob-
ability distribution of the deformed chain in the radial
and axial direction respectively. Since R|| is independent
of the chain size N , the probability distribution is a func-
tion of R⊥ alone. The volume occupied by the chain V
can then be obtained as a function of N assuming an el-
lipsoidal shape. Thus taking derivative of the free energy
of the chain with respect to the volume V , i.e. p = − ∂F∂V ,
4FIG. 4. (a) Maximum extension of the polymer along the ra-
dial direction 〈R⊥〉, vs. chain length N for initial tube radii
R0 = 9.2σ (l), 11.2σ (n), 13.2σ (t), and 15.2σ (H) respec-
tively. A flexible polymer in a confining tube of initial radius
R0 = 9.2σ (S), is shown for comparison. Inset shows the
probability distribution P (R⊥) from which the mean exten-
sion 〈R⊥〉 of the polymer is calculated. (b) Maximum exten-
sion of the polymer along the axial direction 〈R||〉 is indepen-
dent of confined polymer chain length N for same different
initial tube radii.
one can compute the pressure exerted by the chain on the
tubule. For equilibrium to be established this pressure
must balance the mechanical pressure difference acting
across the leaflet ∆p/κ.
Fig. (4)(a) & (b), shows the variation of the maximum
extension of a chain both perpendicular R⊥ and parallel
R|| to the tube axis as a function of the confined chain
length N . A distorted prolate globular conformation is
observed for all values of persistence length lp, and initial
confining radius R0. The radial extension scales with
the chain length 〈R⊥〉 ∼ N0.38±0.03 in agreement with
mean field theories [4]. The maximum chain extension
along the axial direction R|| is independent of the chain
length N in this regime. In contrast, for chains confined
inside rigid tubes R|| increases linearly with chain size.
For R0 & 15σ and polymers with N . 2000, the chain
adopts an extended conformation along the tube axis.
While the large scale properties of confined polymer
chains can be investigated using statistical signatures e.g.
R⊥ and R||, it does not provide information about shape
transformations on length scales smaller than the bulge
deformation scale ξ. In this regime, we probe the short
distance properties of the chain conformations by com-
puting (a) tangent-tangent correlation function 〈~ti · ~tj〉,
(b) the asphericity parameters ∆, and Ξ, (c) the radial
distribution function g(r) (SI), and (d) the mass distri-
bution ρr of the confined polymer.
Persistence length of semiflexible chains under confine-
ment has been measured in experiments [50] via tangent-
vector correlations 〈~ti · ~tj〉 along the chain backbone. Ge-
ometric confinement renormalizes the persistence length
of the chain. For stiffer chains, the effective persistence
length le, is smaller than the bare value lp = 2κp/kBT ,
where κp is the bending modulus of the chain [2]. The
effective persistence length le depends on the ratio of the
bending modulii of the membrane κ, and the polymer κp
for soft confinement, and involves the confinement length
scale for hard confinement.
The tangent-tangent correlations of a semiflexible un-
der hard spherical confinement is approximately [51]
〈~ti·~tj〉 ≈ e− sle
[
cos
( s
R
)
− 2R
le
sin
( s
R
)
−
(
R
le
)2
cos
( s
R
)]
.
(2)
The characteristic oscillatory behaviour of the correla-
tion function observed in experiments is captured in this
model. The leading order contribution to the correlation
function in the limit leR0 >> 1 is of the form e
− sle cos
(
s
R
)
,
where R0 is the radius of the hard spherical confinement,
and can be used to compare against simulation results of
chains under soft tubular confinement.
Stiff chains having persistence length larger than the
tubule length lp >> L, undergoes a conformational tran-
sition where the chain wraps the inner leaflet of confin-
ing bilayer tubule to minimize the bending energy cost.
Thus, the polymer density is high near the wall and
nearly zero density at the central region of the confin-
ing tubule. We characterise this shape transition by
calculating the asphericity parameter ∆ =
3
2
Tr Qˆ2
(Tr Q)2 =
1 − 3λ1λ2+λ2λ3+λ3λ1(λ1+λ2+λ3)2 , expressed in terms of the vari-
ance of the eigenvalues of the traceless gyration ten-
sor about the centre of mass, Qˆαβ = Qαβ − 13Tr(S)E,
with E unit tensor [56]. The gyration tensor, Qαβ ≡
〈(rα − 〈rα〉)(rβ − 〈rβ〉)〉 = 1N
∑
i(r
α
i − rαcm)(rβi − rβcm),
where α and β indicate components of the position vec-
tor of the i-th monomer [52–54, 57, 58].
The asphericity parameter ∆ lies in the range 0 ≤ ∆ ≤
1, with ∆ = 0 for spheres, and ∆ = 1 for rigid rods. The
difference between oblate and prolate shape is given by
the parameter
Ξ =
4Det Qˆ
( 23Tr Q
2)
3
2
=
4(λ1 − λ¯)(λ2 − λ¯)(λ3 − λ¯)
( 23
∑3
i=1(λi − λ¯)2)
3
2
, (3)
where λ¯ = 13
∑3
i=1 λi represents the average chain size.
The shape characterisation of confined compact struc-
tures is shown in Fig. (1). A space filling picture for
four different compact structures corresponding to (a)
spherical, (e) prolate, (i) toroidal coil and (m) collapsed
prolate shapes respectively. The difference between these
compact shapes are characterised in terms of the short
distance properties of the chain. Panels (b), (f), (j) and
(n) shows the tangent-tangent correlation function 〈~~ti ·~tj〉
(blue) and a two parameter fit to the leading order behav-
ior obtained for spherical confinement (red) of the form
e−x/le cos(x/R). The effective persistence length le of
the chain under confinement, and the radius of the con-
fining boundary R is obtained from this fit. The radius
of the confining sphere is R0 = 20σ, and for the tubule
R0 = 9.2σ. We demonstrate the renormalisation of the
persistence lengths of chains under confinement. For ex-
ample the tangent-tangent correlation of a semiflexible
polymer lp ∼ 200σ, confined in a hollow sphere with
rigid walls adopts a conformation such that the tangent
5FIG. 5. Figure shows conformations of semiflexible polymers (a) inside a rigid hollow sphere, (e) in a soft tube lp = 20σ; (i) a
stiffer polymer chain in a soft tube lp = 200σ, and (m) semiflexible polymer in a soft tube in a bad solvent. Second column (b),
(f), (j), and (n) shows tangent-tangent correlation of the polymer chain. Confinement changes the effective persistence length of
the chain. For stiff chains lp = 200σ, a conformational transition from ellipsoidal to toroidal shapes is observed, characterised
by the asphericity parameters, ∆, and Σ. Distribution of monomers from the centre of mass of the chain (panels (d), (h),
(l), and (p)), probing short distance properties of confined chains shows differences between different confining geometries and
polymer and solvent qualities.
vectors are decorrelated over piR ≈ 62σ, i.e. a semicircu-
lar arc traced by the polymer inside the sphere. Conse-
quently, the effective persistence length is renormalised
to a value le ∼ 167σ, obtained by fitting the tangent-
tangent correlation function computed from simulations
to Eq. (2). The length scale over which tangent vec-
tors would decorrelate if the polymer was confined inside
the sphere is expected to be ∼ 2R ≈ 40σ. However, as
seen in panel (i) a semiflexible polymer with lp = 200σ
forms a toroidal coil inside the tube. One can estimate
the effective persistence length by noting that antipodal
points on the ellipsoid on the equatorial plane formed
by the major and minor axis is given by pi
√
a2+b2
2 . The
magnitude of the eigenvalues of the radius of gyration
tensor Rg gives us an estimate of these length scales.
Thus a/σ ∼ 225 and b/σ ∼ 7.5 yields an effective per-
sistence length le ∼ 160σ roughly agreeing with those
observed in simulations. Panel (e) represents a less stiff
chain with bare persistence length lp ∼ 20σ. In this case
the effective lengthscale increases for soft confinement. In
the presence of attractive interactions among the beads
(i.e. mimicking a bad solvent) a collapsed configuration
is observed. While for some realisations a toroidal chain
6morphology is seen, as in panel (m) the short distance
properties of such a polymer is drastically different from
that of the toroidal chain morphology seen in panel (i).
This is also borne out in the measurement of the radial
distribution function g(r) (SI).
The shape transition can be quantified further us-
ing the asphericity ∆ and nature of asphericity Ξ. As
shown in panels (c), (g), (k), and (o) respectively, the
heat map obtained for different configurations in the ∆-
Ξ phase plane [52] is different for different shapes. The
red line in the figures demarcate the region between ac-
cessible and inaccessible closed shapes, while the heat
map provides a measure of prolate, and oblate polymer
conformations. The phase plane analysis is able to dif-
ferentiate between ellipsoidal shapes in panel (g) and
(k) of Fig. (5). The radial density distribution function
g(r) (SI) can also be used to distinguish between poly-
mer shapes under soft confinement. The distribution of
monomers inside the tube can be used to distinguish be-
tween the different conformations. Thus, from the local
density of monomers, defined by ρ(~r) = 〈∑Ni=0 ~r − ~ri〉,
we compute the monomer distribution given by ρ(|~rp|) =
1/N
∫ rp
0
ρ(|~r|)d~r, as a function of rp. While a monomer
distribution with a peak close to rp ∼ 0 is observed for el-
lipsoidal geometries, the monomer distribution is peaked
about rp ∼ 20σ corresponding to the maximum value
of the radial bulge. A similar shift in the peak of the
distribution arises for collapsed chains under soft con-
finement, though the shape of these distributions are dif-
ferent. These statistical measures provides a quantitative
benchmarking scheme by which conformational proper-
ties of semiflexible polymers under soft-confinement may
be characterised.
Discussion: We have developed a multi-scale model to
compute statistical properties of polymer chains under
soft confinement and characterise the confined macro-
molecular phases as a function of the polymer chain
length N , stiffness lp, radius of the confining tube R0
and its bending modulus κ and report a swollen to glob-
ular conformational transition as the chain size N and
stiffness lp is increased. The maximum radial bulge of
the polymer 〈R⊥〉 scales with the chain size as R⊥ ∼
N0.38±0.03 in agreement with scaling theories [4]. The
statistical properties of the tubule however, follow a dif-
ferent scaling behaviour than that of the polymer with
the maximal radial bulge 〈Dm/2〉 increasing with the
polymer size N as 〈Dm/2〉 ∼ N0.27±0.02. We have devel-
oped statistical measures to characterise shapes of con-
fined polymers in soft tubules and their associated confor-
mational transitions by computing statistical properties
of chains at short distances, which cannot be captured
in mean-field/scaling studies. In this context, we report
a novel ellipsoid to toroidal chain conformational transi-
tion as a function of the persistence length lp. Further,
we have developed a continuum description to predict
the equilibrium shapes of deformed tubules and in turn
the macroscopic size of the confined semiflexible polymer
using a variational formulation (SI). By parameterising
the deformed tubular shapes using an ansatz, we com-
pute the principal curvatures of the tubular membrane
and hence the free energy of the tubule using the Hel-
frich Hamiltonian[34]. By computing the volume change
between the undeformed cylindrical tubule and the ellip-
soidal globule we calculate the pressure exerted by the
polymer chain on the walls of the tube (SI). This pres-
sure can also be obtained by computing the derivative of
the chain free energy with respect to the volume occupied
by the confined chain, numerically, i.e. p = −∆F∆V |N,T .
Due to the limitations in the chain sizes, N , we have not
explored this in our present study.
Biological function crucially relies on a tight regulation
between confinement and deconfinement of biomacro-
molecules in soft structures and their transport through
them for suitable function, e.g. chromatin compaction
inside the cell nucleus [44], transport of mRNA through
the NPC nuclear pore complex [45], transfer of bacte-
rial genome through pili during conjucation [24, 28] etc..
Since the probability distribution of polymer shapes pro-
vides a measure of the entropy of the confined chains, a
change in this distribution provides a way to compute the
equilibrium thermodynamic behaviour of such confined
polymers. Shape transformations between different con-
formations can therefore be linked to associated changes
in free energies. Thus dynamics of polymer conforma-
tional transitions and transport under soft confinement
can be probed by, (i) following the chain conformations
using coarse-grained molecular dynamics simulations at
the mesoscale and (ii) using statistical measures of con-
formational shapes (see Fig. (4)(a)) to compute the free
energies of chains and develop transition state type mod-
els at the macroscale [46]. Scattering studies based on
fluorescent labelling of monomers might be able to probe
conformational properties of semiflexible chains under
soft confinement. We believe that our theoretical work
will motivate such experimental studies in this direction
which will in turn shed light on biophysical problems in-
volving soft macromolecular confinement.
Author Contributions: BC designed the research and
obtained funding. SB carried out the research and anal-
ysed the data. BC supervised the research. SB and BC
wrote the paper.
Acknowledgements: SB and BC thank University of
Sheffield, IMAGINE: Imaging Life grant for financial
support. We thank Dr Biswaroop Mukherjee, and oth-
ers in the Chakrabarti lab for a critical reading of our
manuscript.
[1] de Gennes, P. G.: Scaling concepts in Polymer Physics,
Cornell University Press, Ithaca (1980).
[2] Rubinstein M., and Colby R. H.: Polymer Physics, Ox-
7ford University Press, Oxford (2003).
[3] Hsiao-Ping, H. and Kurt, B.: Semi-flexible polymer
chains in quasi-one-dimensional confinement: a Monte
Carlo study on the square lattice. Soft Matter, 44(9),
10512(2013).
[4] Brochard-Wyart, F., Tanaka, T., Borghi, N. and de
Gennes, P.G.: Semiflexible polymers confined in soft
tubes. Langumir, 21(9), 4144(2005).
[5] Chen, J.Z.Y.: Swollen-to-globular transition of a self-
avoiding polymer confined in a soft tube. Physical Review
Letters, 98(8), 088302(2007).
[6] Chen, J.Z.Y.: Self-Avoiding Wormlike Chain Confined in
a Cylindrical Tube: Scaling Behavior. Physical Review
Letters, 121(3), 037801(2018).
[7] Avramova, K. and Milchev, A.: Polymer chains in a soft
nanotube: A Monte Carlo Study. The Journal of Chem-
ical Physics, 124(2), 024909(2006).
[8] Mirzaeifard, S. and Abel, S.M.: Confined semiflexible
polymers suppress fluctuations of soft membrane tubes.
Soft matter, 12(6), 1783(2016).
[9] Odijk, T.: The statistics and dynamics of confined
or entangled stiff polymers. Macromolecules, 16(8),
1340(1983).
[10] Sheng, Y.J. and Wang, M.C.:Statics and dynamics of a
single polymer chain confined in a tube. The Journal of
Chemical Physics, 114(10), 4724(2001).
[11] Milchev, A.: Single-polymer dynamics under constraints:
scaling theory and computer experiment. Journal of
Physics: Condensed Matter, 23(10), 103101(2011).
[12] Cifra, P., Benkova´, Z. and Bleha, T.: Chain extension
of DNA confined in channels. The Journal of Physical
Chemistry B, 113(7), 1843(2009).
[13] Kim, J., Jeon, C., Jeong, H., Jung, Y., and Ha, B. Y. :
Elasticity of flexible polymers under cylindrical confine-
ment: appreciating the blob scaling regime in computer
simulations. Soft Matter, 9(26), 6142(2013).
[14] Chen, Y. L., Graham, M. D., De Pablo, J. J., Randall,
G. C., Gupta, M., and Doyle, P. S.: Conformation and
dynamics of single DNA molecules in parallel-plate slit
microchannels. Physical Review E, 70(6), 060901(2004).
[15] Dai, L., Tree, D. R., van der Maarel, J. R., Dorfman, K.
D., and Doyle, P. S.: Revisiting blob theory for DNA dif-
fusivity in slitlike confinement. Physical Review Letters,
110(16), 168105(2013).
[16] Tree, D.R., Wang, Y. and Dorfman, K.D.,: Extension of
DNA in a nanochannel as a rod-to-coil transition. Phys-
ical Review Letters, 110(20), 208103(2013).
[17] Racˇko, D. and Cifra, P.: Segregation of semiflexible
macromolecules in nanochannel. The Journal of chemi-
cal physics, 138(18), 184904(2013).
[18] Cifra, P.: Channel confinement of flexible and semiflex-
ible macromolecules. The Journal of chemical physics,
131(22), 224903(2009).
[19] Cifra, P.: Weak-to-strong confinement transition of semi-
flexible macromolecules in slit and in channel. The Jour-
nal of chemical physics, 136(2), 024902(2012).
[20] Kalb, J. and Chakraborty, B.: Single polymer con-
finement in a tube: Correlation between structure and
dynamics. The Journal of chemical physics, 130(2),
01B607(2009).
[21] Guevorkian, K. and Brochard-Wyart, F.: Polymers in
Confined Geometries. PG De Gennes’ Impact on Sci-
ence?Volume II: Soft Matter and Biophysics, World Sci-
entific , 69(2009).
[22] Huang, A., Hsu, H.P., Bhattacharya, A. and Binder, K.:
Semiflexible macromolecules in quasi-one-dimensional
confinement: Discrete versus continuous bond angles.
The Journal of chemical physics, 143(24), 243102(2015).
[23] Livadaru, L. and Kreuzer, H.J.: Confinement of a poly-
mer chain in a tube. New Journal of Physics, 5(1),
95(2003).
[24] Rustom, A., Saffrich, R., Markovic, I. , Walther, P. and
Gerdes, H.: Nanotubular highways for intercellular or-
ganelle transport. Science, 5660(303), 1007(2004).
[25] Roux, A., Cappello, G., Cartaud, J., Prost, J., Goud, B.
and Bassereau, P.: A minimal system allowing tubula-
tion with molecular motors pulling on giant liposomes.
Analytical chemistry, 99(8), 5394(2002).
[26] Karlsson, A., Karlsson, M., Karlsson, R., Sott, K.,
Lundqvist, A., Tokarz, M. and Orwar, O.: Nanoflu-
idic networks based on surfactant membrane technology.
PNAS, 75(11), 2529(2003).
[27] Tokarz, M. and A˚kerman, B., Olofsson, J., Joanny,
J., Dommersnes, P. and Orwar, O.: Single-file elec-
trophoretic transport and counting of individual DNA
molecules in surfactant nanotubes. PNAS, 102(826),
9127(2005).
[28] Thomas, C. M. and Nielsen, K. M.: Mechanisms of, and
barriers to, horizontal gene transfer between bacteria.
Nature reviews microbiology, 9(3), 711(2005).
[29] Davis, D.M. and Sowinski, S.: Membrane nanotubes:
dynamic long-distance connections between animal cells.
Nature reviews Molecular cell biology, 9(6), 431(2008).
[30] O¨nfelt, B., Nedvetzki, S., Yanagi, K.and Davis, D. M.:
Cutting edge: Membrane nanotubes connect immune
cells. The Journal of Immunology, 173(3), 1511(2004).
[31] Moore, J.C. Gel permeation chromatography. I. A new
method for molecular weight distribution of high poly-
mers. J. Polym. Sci., 2, 835-843(1964).
[32] Wever, D.A.Z., Picchioni, F. and Broekhuis, A.A.: Poly-
mers for enhanced oil recovery: a paradigm for structure–
property relationship in aqueous solution. Progress in
Polymer Science, 36(11), 1558(2011).
[33] De Gennes, P-G., Brochard-Wyart, F., and Quere. D:
Capillarity and wetting phenomena: drops, bubbles,
pearls, waves. Springer Science and Business Media,
(2013).
[34] Deuling, H. J., and W. Helfrich.: Red blood cell shapes as
explained on the basis of curvature elasticity. Biophysical
journal, 16(8), 861(1976).
[35] Svetina, S. and Zˇeksˇ, B.: Membrane bending energy
and shape determination of phospholipid vesicles and
red blood cells. European biophysics journal, 17(2),
101(1989).
[36] Seifert, U.,Berndl K., and Lipowsky R.: Shape trans-
formations of vesicles: Phase diagram for spontaneous-
curvature and bilayer-coupling models. Physical Review
A, 44(2), 1182(1991).
[37] Ju¨licher, F. and Seifert, U.: Shape equations for axisym-
metric vesicles: a clarification. Physical Review E, 49(5),
4728(1994).
[38] Zhong-Can, Ou-Yang and Helfrich, W.: Instability and
deformation of a spherical vesicle by pressure. Physical
review letters, 59(21), 2486(1987).
[39] Chen, I., Christie, P.J. and Dubnau, D.: The ins and
outs of DNA transfer in bacteria. Science, 310(5753),
1456(2005).
8[40] Nelson, D.R., Peliti. L.: Fluctuations in membranes
with crystalline and hexatic order. Journal de Physique,
48(7), 1085 (1987).
[41] Derenyi, I., Julicher F., Prost, J.: Formation and Inter-
action of Membrane Tubes. Phys. Rev. Lett. 88, 238101
(2002).
[42] Powers, T. R., Huber, G., and Goldstein, R. E.: Fluid-
membrane tethers: Minimal surfaces and elastic bound-
ary layers. Phys. Rev. E 65, 041901 (2002).
[43] Fournier, J-B., and Glatola P.: Critical Fluctuations of
Tense Fluid Membrane Tubules, Phys. Rev. Lett. 98,
018103 (2007).
[44] Maji, A., Ahmed J.A., Roy, S., Chakrabarti, B., Mitra,
M.K.: A Lamin Associated Chromatin Model for Chro-
mosome Organization. Biophysical Journal, (accepted)
(2020), doi: 10.1016/j.bpj.2020.05.014.
[45] Abhishek, Biswas, S., Panwar A.S., and Chakrabarti,
B:Nanoscale transport through channels with end-
grafted hydrophobic/philic polymers. Manuscript in
preparation (2020).
[46] Biswas, S., and Chakrabarti, B: Dynamics and trans-
port of semiflexible polymers under soft confinement
Manuscript in preparation (2020).
[47] Cooke, I. R., Kremer, K., and Deserno, M.: Tunable
generic model for fluid bilayer membranes. Physical Re-
view E, 72(1), 011506 (2005).
[48] Harmandaris, V. A., and Deserno, M.: A novel method
for measuring the bending rigidity of model lipid mem-
branes by simulating tethers. The Journal of chemical
physics, 125(20), 204905(2006).
[49] Plimpton S.: Fast Parallel Algorithms for Short-Range
Molecular Dynamics, J. Comp. Phys., 117, 1 (1995).
[50] Ko¨ster, S. and Steinhauser, D. and Pfohl, T.: Brow-
nian motion of actin filaments in confining microchan-
nels. Journal of Physics: Condensed Matter, 17(49),
S4091(2005).
[51] Liu, Y. and Chakraborty, B.: Shapes of semiflexible
polymers in confined spaces. Physical biology, 5(2),
026004(2008).
[52] Alim, K. and Frey, E.: Shapes of semiflexible polymer
rings. Physical Review Letters, 99(19), 198102(2007).
[53] Aronovitz, J.A. and Nelson, D.R.: Universal features of
polymer shapes. Journal de physique, 47(9), 1445(1986).
[54] Cannon, J.W., Aronovitz, J.A. and Goldbart, P.: Equi-
librium distribution of shapes for linear and star macro-
molecules. Journal de Physique I, 1(5), 629(1991).
[55] Ostermeir, K., Alim, K., and Frey, E.: Buckling of stiff
polymer rings in weak spherical confinement. Phys. Rev.
E, 81(6), 061802(2010).
[56] Arkın, H. and Janke, W.: Gyration tensor based anal-
ysis of the shapes of polymer chains in an attractive
spherical cage. The Journal of chemical physics, 138(5),
054904(2013).
[57] Huang, W. and Zaburdaev, V.: The shape of pinned
forced polymer loops. Soft matter, 15(8), 1785(2019).
[58] Ostermeir, K., Alim, K. and Frey, E.: Buckling of stiff
polymer rings in weak spherical confinement. Phys. Rev.
E, 81(6), 061802(2010).
[59] Lin, Cheng-Hsiao, Tsai, Yan-Chr and Hu, Chin-Kun:
Wrapping conformations of a polymer on a curved sur-
face. Phys. Rev. E, 75(3), 031903(2007).
Supplementary Information
I. COARSE GRAINED SIMULATIONS:
Description of the Model:
To probe the conformational properties of a homopolymer chain confined in a soft tube, we perform Langevin
dynamics simulation to verify theoretical results obtained from continuum theories. For mesoscopic simulation of the
membrane tubule, we adopt coarse-grained Cooke-Kremer-Deserno lipid bilayer model [47]. A coarse grained three
bead model of lipid molecules is represented by one hydrophilic head bead followed by two hydrophobic tail beads.
In addition to a bonded interaction, head and tail beads interact via a repulsive Weeks-Chandler-Anderson (WCA)
or truncated Lennard-Jones(LJ) potential
Vrep(r) =
{
4
[(
b
r
)12 − ( br )6 + 14] , rc ≥ r,
0, r > rc,
(1)
where  is the potential well depth and rc = 2
1
6 b is the location of the minima. The geometric parameters of the three
bead lipid model with bhead,head = bhead,tail = 0.95σ and btail,tail = σ is such that the tail beads are slightly bigger than
the head bead. To mimic fluidic behaviour of the membrane non-bonded interactions between coarse-grained (CG)
tail beads is incorporated. Thus, the effective hydrophobic interactions between tail beads mimicking the implicit
solvent is given by
Vcos(r) =

−, r < rc,
− cos2
(
pi(r−rc)
2wc
)
, rc + wc ≥ r ≥ rc,
0, r > rc + wc,
(2)
an attractive potential of depth  with the potential decaying to zero smoothly in the interval between rC and rc+wc.
The width of the attractive region is wc. The bonded interaction between tail beads and head bead is modeled by
9the finite extensible nonlinear elastic (FENE) potential,
VFENE(r) = −kbr
2
0
2
log
[
1−
(
r
r0
)2]
. (3)
Here r0 is the maximum extension of the spring.
A bond bending potential, that generates a straight conformation of lipid molecules is given by
Vangle =
kθ
2
[θ − θ0]2 , (4)
where equilibrium angle θ0 between three beads is θ0 = 180
◦ and kθ is the spring constant corresponding to the
bond-bending potential. For lipid interactions kθ = 10/σ
2, while for the polymer kθ ranges between 10/σ
2 and
100/σ2 depending on the semiflexibility of the chain.
A Kremer-Grest bead-spring model has been used to simulate CG polymer of N monomers connected by FENE
springs as shown in Eq. (1). Persistence length of the polymer depends upon the equilibrium bond angle θ0 between
three consecutive beads and the spring constant of the angle potential kθ as described in Eq. (4). Monomers of diameter
σ with bond cutoff length r0 = 1.5σ which feels repulsive interaction with other monomers and lipid molecules due
to WCA potential in Eq. (1).
We perform molecular dynamics simulations of polymer-membrane system using LAMMPS [49] with a Langevin
thermostat. A random polymer chain is inserted inside a cylindrical bilayer membrane (initially both leaflet having
the same number of lipids) as a starting configuration. We minimise the energy of the compound polymer-membrane
system via a conjugate gradient minimisation scheme. To obtain equilibrium conformations for both polymer and
membrane we perform simulations in a constant volume, for t = 5×106 ∆t, where ∆t = 10−2τLJ (where τLJ =
√
mσ2
 )
being the time step of the simulation. To reach the equilibrium state from its initial configuration (where the polymer
is in swollen state) it takes teq ∼ 2.5× 106∆t.
The radius of gyration RG and the radial R⊥ and axial extension R|| of the polymer is monitored as a function of
time. For chains undergoing a conformational collapse the RG decreases as a function of time. Equilibration time τeq
is obtained by noting the time scale at which RG saturates to a steady value. The total energy of the system of the
system in this phase fluctuates around a fixed value. For polymers that remain in the swollen phase, we collect data
for t >> τeq obtained from the collapse runs.
Random initial polymer conformations are generated using a MATLAB script. With this model canonical self-
assembly of the flat membrane is observed in simulations, however, spontaneous self-assembly of bilayers to form a
tubule is not possible [47]. Therefore, we generate a cylindrical bilayer tubule as our initial configuration and minimize
the total energy using LAMMPS to determine equilibrium tubular shape fluctuations.
II. DATA ANALYSIS:
A. Quantifying conformational transitions
Coil to globule transition:
A semiflexible polymer chain inside a tube whose bending modulus κ >> kBT , is rigid, in which the polymer adopts
an elongated conformation. On the contrary, if κ ∼ kBT , polymer can deform the tube and adopt a globular structure.
Depending upon the bending rigidity of the polymer chain, its size, bending modulus of the tubule, membrane tension
etc., the confined polymer and the tubule can have different shapes. For a semiflexible chain with, lp >> R0 (R0 is
the radius of the confining tube), the chain adopts a toroidal shape, in order to minimize its bending energy. The
resulting shapes are qualitatively different than those obtained for softer chains, i.e. lp ∼ D. In the case, lp ∼ D,
polymer elongated along the tube axis and eigenvalues of other two orthogonal principal axes are similar. Prolate
shapes obtained in this regime is shown in the main text Fig. (6).
As shown in the Fig. (1), a polymer chain placed in an extended state is placed in a cylindrical bilayer membrane
tubule. Initial radius of gyration of the polymer chain of size N = 2000 is RG ∼ 58σ. The time trace shows RG(t)
decreasing as a function of time indicating a collapse transition to a globular state. Configuration snapshots indicate
a transition to a final ellipsoidal globular structure. We generate the data in two steps; the polymer-tubule system
is simulated (i) till the formation of a globule i.e. τ = 5× 106∆t, and thereafter (ii) the final globular configuration
from (i) are further simulated for a further τ = 5 × 106 time steps in a constant volume ensemble with a constant
temperature enforced via a Langevin thermostat. Our polymer conformational statistics data is collected in the
equilibrium state in intervals of τ = 103∆t.
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FIG. 1. coil to globule transition as function of time. Radius of gyration RG of the polymer chain is changing from its higher
value to an equilibrium value.
The coil to globule transition depends on the tubule properties too. In the limit of a rigid tube κ >> kBT , polymer
prefers to be in an extended state. In the membrane model, bending modulus of the membrane can be tuned by tuning
the attractive interaction between the tail beads, i.e. by changing potential width wc/σ and the effective temperature
kBT/. We have obtained a phase diagram to explore coil to globule transition in the wc/σ -kT/ plane. The final
configuration snapshots after t = 5 × 106 time steps are shown in the Fig. (2). Corresponding temperatures kBT ,
bending modulus of the tubule, κ and the averaged tube radius squared 〈R20〉 are shown in the Table (I). Beyond the
range of the temperature kBT as shown Table (I), i.e. for higher temperature bilayer tube is not stable.
B. Statistical properties of Tubule:
The bilayer tubule used in our simulations has a finite thickness, with the outer and inner diameters being Dout
and Din respectively. In order to determine the radial bulge of the tubule we divide the cylindrical tubule in slices
of width σ, i.e. size of a head bead. Therefore the tubule can be visualised of as a series of adjacent rings of
width σ. The instantaneous tube diameter at position x is calculated by taking the mean of the inner and outer
D(x) = (Din(x) +Dout(x)) /2 diameters. For a fluctuating tubule the Dout and Din are the distance of the head
beads from the centre of mass of each ring. We compute 〈D(x)〉 by performing a time average of the instantaneous tube
diameter measured every τm = 10
3∆t time steps after equilibration τeq. For axisymmetric tubular shapes 〈Din(x)/2〉
and 〈Dout(x)/2〉 is independent of the azimuthal angle of a head bead on the ring. This is seen for the tubule without
a confined polymer and for ellipsoidal tubular shapes. However for toroidal coils lp >> R0 the azimuthal symmetry
is lost. In this case we average over the azimuthal angle for all head beads in a given ring along the tubule, to obtain
instantaneous values of the tubule diameter D(x) and in turn its thermal average 〈D(x)〉. Fig. (3)(a) shows the time
averaged radial bulge of an axisymmetric tubule along the tube axis having a confined polymer. The outer and inner
inner leaflets 〈Dout/2〉 and 〈Din/2〉 are shown by dashed lines. The area of the tubule remains constant throughout
the simulation (Fig.3(b)) while conformational transition of the chain is accompanied by a volume increase (Fig.3(c)).
The centre of mass of each ring of lipid molecules that form the tubule is allowed to fluctuate. Fig. (4) (right panel)
shows the radial deformation profile along the tube axis as a function of time. Due the motion of the centre of mass
of the deformed segment of the tubule along the tube axis (SI movies, and Fig. 2) the maximum radial bulge occurs
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(a) wc = 1.3σ (b) wc = 1.4σ (c) wc = 1.5σ
FIG. 2. Simulation snapshots at t = 5× 106∆t of “swollen” and “globular” equilibrium conformations of a polymer chain in a
bilayer tubule having different bending moduli κ and tension Σ obtained by varying the range of lipid interaction potential wc
among tail beads and temperature kBT/. The bending modulus κ of the tube is obtained by fitting the fluctuation spectrum
to a functional form [43, 47].
Tube properties wc = 1.3σ wc = 1.4σ wc = 1.5σ
(i) kBT/ 0.9
κ/kBT 28.7667
〈R20〉/σ 79.8670
(ii) kBT/ 0.9 1.0
κ/kBT 15.7465 18.4059
〈R20〉/σ 104.3290 102.4582
(iii) kBT/ 0.8 1.0 1.1
κ/kBT 14.2495 14.1763 16.4098
〈R20〉/σ 106.9920 119.2689 114.9923
(iv) kBT/ 0.9 1.1 1.2
κ/kBT 11.9555 11.3364 12.3305
〈R20〉/σ 124.1086 133.5598 126.8585
(v) kBT/ 1.0 1.2 1.3
κ/kBT 9.9009 5.6646 7.9215
〈R20〉/σ 141.1741 144.8585 135.7489
TABLE I. Bending rigidity κ, and square averaged tubular radius 〈R20〉 for tubules shown in Fig. (2) without an encapsulated
polymer. The number of lipids used in simulating the tubules are Nt = 97200.
at different positions x. A simple averaging of the deformed configurations over time to yield 〈Dm/2〉 would therefore
be erroneous. Therefore in order to obtain the accurate measure of the radial bulge (and since we have periodic
boundary conditions imposed along the direction of the tube) we have shifted the deformed tubular profile, along the
tube axis such that the maximum deformation occurs at x = L/2.
C. Statistical properties of Confined Chains: long length scales l ∼ ξ
The statistical properties of the polymer chain in the long wavelength limit l ∼ ξ e.g. 〈R⊥〉, the maximum extent of
the polymer along radial direction and 〈R||〉 the maximum extent of the polymer along axial direction, are calculated
by noting the position of the terminal monomers of the deformed chain. In order to compute 〈R⊥〉 we have averaged
over the radial coordiantes i.e. x-y plane. Monomer position snapshots are collected every 103∆t time steps once
equilibrium t = τeq is reached.
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(a) (b) (c)
FIG. 3. (a) Radial bulge along the axis of the tube x for outer 〈Dout/2〉 (dashed orange), and inner 〈Din/2〉 leaflets (dashed
purple), and the i.e. average radius 〈D(x)/2〉. Panel (b) shows that the area of the bilayer tubule remains constant over time.
Panel (c) shows that the volume of the tube increases during the coil to globule transition.
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FIG. 4. Space time plots of the radial bulge of a deformed tube along the tube axis (right). Colormap indicates the value of
the radius of each tubular cross section (ring of lipid molecules). In order to compute the time average the deformed profile at
each time instant is shifted along the tube axis such that the maximum deformation (brightest point) occurs at x = L/2 (left).
D. Statistical Properties of Confined Chains: short distance lp ∼ l . ξ
1. Asphericity ∆ and the nature of asphericity (Ξ)
Polymer shapes are quantified by two parameters, asphericity (∆) and the nature of asphericity (Ξ) [52].These
quantities are computed from the gyration tensor (see text). Intuitively, the parameter ∆ is related to the variance
of the three eigenvalues
∑
i(λi− λ¯)2, where λi = λx, λy, λz and λ¯ = (λx +λy +λz)/3, while nature of asphericity Ξ is
related to the product of the eigenvalues
∏
i(λi− λ¯). To visually describe the shapes, we rescale these two parameters
2
√
∆ ranges [0 2] and cos−1 Ξ/3 ranges [0 pi/3] [52]. The geometric interpretation of the shapes shown in the Fig. 5 (in
the main text). The value ∆ = 1 is rod like shape and ∆ = 0 is fully spherical shape, whereas, Ξ measures whether
it is prolate or oblate.
2. Pair correlation function g(r)
The pair correlation function or radial distribution function g(r) describes how density of the monomers varies as
a function of distance from a reference particle. We compute the number of particles in the interval between r and
r+ dr from a reference particle. Averaging over all monomers present in the system gives g(r). In other words g(r) is
the ratio between the average number density at a distance r from any given monomer as shown in the Fig. (5). The
pair correlation function for different geometric constraints corresponding to Fig. 5 is shown in Fig. 5. The positions
of the peaks in g(r) indicates the length scale associated with range of order in the system from which the structure
factor S(q) can be computed. Scattering experiments can then be used to interrogate the numerical data based on
which different compact confined polymer structures can be explored. A full exploration of the static and dynamic
structure factors, S(q), and S(q, ω) is relegated to a future study [46].
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FIG. 5. Pair correlation function for compact polymer conformations inside a soft tubule corresponding to panels (a), (e), (i)
and (m) of Fig. (5) respectively.
3. Radial monomer density ρ(r)
Density distribution of a polymer chain in different environments averaged over τm = 5000∆t timesteps is
shown in Fig 5 (main text). We compute the distance of a monomer r from the centre of mass coordinate
ri =
√
(xi − x¯)2 + (yi − y¯)2 + (zi − z¯)2. A histogram obtained by binning the monomers as a function of r gives
density distribution ρ(r). In case of strong confinement, the monomer density is high near the boundary, while for
a weak confinement the monomers distribution is peaked about the centre of the channel. The monomer density is
used to distinguish between ellipsoidal and toroidal coils (main text).
III. SHAPE EQUATION OF TUBULES:
A. Tubular lipid membrane
We develop a variational formulation to predict axisymmetric deformed tubule shapes (altered via membrane
insertion) by minimising the membrane free energy [34]. A constant pressure ∆P acts across the membrane. Motivated
by simulations, we work in an ensemble where the constant surface tension Σ and pressure difference ∆P is constant.
The elastic energy to deform a tubular membrane accounting for changes in area and volume, is given by the Helfrich-
Canham free energy [34]
F = κ
2
∫
(c1 + c2 − c0)2 dA+ Σ
∫
dA−∆P
∫
dV − fL, (5)
where c1 and c2 are the the two principal curvatures of the axisymmetric tubule of length L and c0 is the spontaneous
curvature. For a bilayer membrane c0 = 0. An energetic cost of pulling out a tether of length L, from a GUV, relevant
in micropipette aspiration experiments is also included. For a cylindrical shape c1 =
1
R and c2 = 0, thus equilibrium
free energy of the cylindrical membrane tube can be written as, Feq = piκLR + 2piRLΣ − piR2L∆P − fL. For an
unperturbed tube ∆P = 0,
∂Feq
∂R = 0 and
∂Feq
∂L = 0 gives equilibrium radius R0 =
√
κ
2Σ and tube axis directional
pulling force f0 = 2pi
√
2κ Σ [41]. The radius R0, and critical pulling force f0 depends on pressure ∆P for membrane
parameters remaining constant i.e. κ and Σ.
Solutions to variational shape equations for axisymmetric tubules with open boundaries have not been explored in
detail. These stem from a lack of understanding of the proper boundary conditions that need to be enforced to solve
the first variation of the Helfrich-Canham free energy [37, 38]. A schematic figure showing an axisymmetric bilayer
tubule deformed by an encapsulated polymer chain is shown in Fig. (6). We define a parameter δ = ξL , where ξ is
the extent of deformation in the axial direction. This length scale can be compared with the aspect ratio of the tube
ρ = R0/L. The deformed tubular shapes depend on the ratio between these parameters δ/ρ (see Fig. 6. Minimization
of the curvature energy Eq. 5 enforcing the boundary conditions and geometric and physical constraints (e.g. constant
area, volume) based on the experimental situation gives the equilibrium deformed axisymmetric tubule/vesicle shapes.
The curvature of 2D surface embedded in 3D space can be expressed in terms of two principal curvatures c1 and
c2. Fig. (6) shows two principal radii of curvature c2 =
1
R1
and c1 =
1
R2
at point A. At point A, radius R1 = AM
corresponds to the radius of curvature along the meridian curve (M being the centre of the curvature of meridian
curve on the plane of the figure). The radius of curvature R2 = AP along the perpendicular direction of the figure has
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FIG. 6. Parameterization of tubular shape. X is axial direction of the tube, the tube is assume to be symmetric about this
axis. Tube forms bulge along Z axis which is perpendicular to the X axis. ψ(S) is the angle between tangent at point A on
the curve and the Z axis. S is the arc-length of the contour.
its centre at point P which lies on the axis of rotational symmetry along X direction. From geometric representation
of the curves we can write dS = −R1dψ and Z = R2 sinψ. Thus, from the Fig. (7), we can write down the geometric
relations
dZ
dS
= cosψ,
dX
dS
= − sinψ, c2 = dψ
dS
, and c1 =
sinψ
Z
. We express the elastic free energy of the membrane
tube in Eq. (5) using the above parameterisation, F = 2piκ ∫ S2
S1
L(ψ, ψ˙, Z, Z˙, γ) dS, where the Lagrangian function [36]
L(ψ, ψ˙, Z, Z˙, γ) = Z
2
(
ψ˙ +
sinψ
Z
− c0
)2
+ Σ˜Z + P˜
Z2
2
sinψ + γ˜(Z˙ − cosψ). (6)
The first variation of the free energy in Eq. 5 yields one second-order (expressed in terms of two nested first-
order differential equations) and two first-order differential equations in terms of the variables Ψ(S), U(S), γ˜(S), and
Z(s) [36] given by
dψ(S)
dS
= U(S), (7a)
dU(S)
dS
= −cos (ψ(S))U(S)
Z(S)
+
sin (2ψ(S))
2Z2(S)
+
γ˜(S) sinψ(S)
Z(S)
+
P˜Z(S) cos (ψ(S))
2
, (7b)
dγ˜(S)
dS
= P˜Z(S) sin (ψ(S)) + Σ˜ +
(U(S)− C0)2
2
− sin
2 (ψ(S))
2Z2(S)
, (7c)
dZ(S)
dS
= cos(ψ(S)). (7d)
We solve the coupled differential equations Eq. 7 with initial conditions ψ = pi2 , and ψ˙ = 0. In our numerical scheme
we integrate Eq. 7 starting from S = 0 corresponding to Ψ(s) = 0, till S ∼ 1, at which Ψ = pi/2. This corresponds
to a point X = Xm along the tube axis. The profile is then reflected about a line perpendicular to the X-axis to
generate the membrane configuration along the arclength Z(s) above the midplane of the tube axes as shown in
Fig. 7. A dotted line showing the reflection of the membrane profile obtained by reflecting Z(S) about the midplane
of the tubule is also shown. Taken together this represents the cross-section of the axisymmetric deformed tubule.
We wish to compare equilibrium axisymmetric tubular shapes obtained from a minimisation of the curvature energy
against those obtained from coarse-grained molecular dynamics simulations for specified value of surface tension and
pressure difference across the membrane. An ideal scheme for predicting the tubular shapes observed in simulations
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with the variational formulation is to coarse-grain the tubular shapes, and fit it to the numerical solutions of the shape
equations (with surface tension Σ held fixed) to obtain the pressure difference ∆P required to bring about the shape
changes. This pressure difference must exactly balance the entropic pressure exerted on the membrane walls by the
polymer. However, due to convergence and stability issues of the numerical scheme used to solve the nonlinear shape
equations (Eq. 7) for arbitrary values of pressure difference ∆P , and surface tension Σ we have not pursued this line
of work in our study.
FIG. 7. Axisymmetric shape of the tubular membrane from the solution of the Eqs. (7) with the initial conditions ψ = pi
2
, ψ˙ =
0, γ˜ = 1.5, Z = 1,P˜ = −10, Σ˜ = 0.09. We start the integration at S = 0 (as there are no divergent term for Z 6= 0) and stop
the integration at S = 3 in which ψ reaches at ψ = npi
2
. Dotted line is the reflection of the solid line about the mid-plane of
the tubule.
B. Pressure calculation from polymer statistics:
F (N) = −kBT lnP (R), where R =
√〈R2〉, mean end-to-end distance of the confined polymer chain. The volume
of the ellipoid can be obtained a function of chain length N , V (N). This can be used to compute the pressure exerted
by the chain P = − ∂F∂V = ∂F∂N / ∂V∂N . Due to limitations in our system size N and long simulation run times required to
reach equilibrium we have relegated this to a future study.
IV. ENERGY ESTIMATION OF DIFFERENT SHAPES OF THE TUBULE
We present a variational solution of the shape equation using two types of ansatz (a) a spherical bulge as shown in
Fig. 8, and (b) a bell curve shaped bulge, on a cylindrical tube as shown in Fig. 12. Fig. 12 resembles the geometry
of a drop wetting a fibre [33]. The spherical bulge is parameterized by the radius R of the sphere, and the diameter
D, and length L of the cylinder. Similarly the “drop on a fibre” geometry is parameterized by the axial scale of the
bulge ξ, the maximal radial deformation R+ D2 , and the length of the cylinder L.
A. Spherical bulge model
Fig. 8 shows a deformed tubule with a spherical bulge of radius R in its centre; the deformation arising out of
polymer insertion in the tubule. For the total area of the tubule to be conserved, the undeformed cylindrical section
shrinks radially such that its radius D/2 < R0. Area of the undeformed tube is 2piR0L. Whereas area of the deformed
tube is ‘area of the cylindrical part of length (L − 2R + 2h) + area of the spherical part - 2× area of the spherical
cap of radius h’.
Expressing h in terms of R and D, h = R −√R2 −D2/4, and noting that the area of the cylindrical tubular
segment is 2piRh as shown in Fig. 8 the total area of the deformed tube with spherical bulge is given by
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(a) (b)
FIG. 8. Schematic picture of (a) an undeformed cylindrical tube and (b) a cylindrical section of diameter D with a deformed
spherical bulge of radius R. Both cylinders have the same length L.
Asph = piD(L− 2R+ 2h) + 4piR2 − 4piRh,
= piD(L− 2
√
R2 −D2/4) + 4piR2 − 4piR(R−
√
R2 −D2/4),
= piDL+ 4pi
√
R2 −D2/4 (R−D/2).
(8)
Next, we compute the energetic cost of deforming a cylindrical tubule to form a spherical bulge. Elastic energy of
the tubule is given by,
Fb =
κ
2
∫
A
(c1 + c2)
2dA, (9)
where c1 and c2 are the principal curvatures and κ is the bending modulus. For sphere of radius R, principal curvatures
are c1 = c2 =
1
R , while for a cylinder of radius D/2, the principal curvatures are c1 =
1
R and c2 = 0. Thus bending
energy of the deformed tube is thus
Fb =
κ
2
[
4
D2
piD(L− 2
√
R2 −D2/4) + 4
R2
4piR2 − 4
R2
4piR(R−
√
R2 −D2/4)
]
,
= 8piκ
[
(L− 2√R2 −D2/4)
4D
+ 1− R−
√
R2 −D2/4
R
]
,
= 8piκ
[
L
4D
+
√
R2 −D2/4
(
1
R
− 1
2D
)]
,
Fb
8piκ
=
L
4D
+
√
R2 −D2/4
(
1
R
− 1
2D
)
.
(10)
The elastic energy of the undeformed cylindrical tube computed from the Helfrich-Canham free energy Eq. 5 is
given by
Fb
8piκ
=
L
8R0
. (11)
The elastic free energy of the deformed cylinder Eq. 10 approaches that of the undeformed cylinder in the limit,
D/2 → R0 and R → R0. This can be seen in Fig. (9a). Further the elastic energy of the deformed cylindrical
tubule is always greater than the undeformed one as shown in in Fig. (9a). In equilibrium, the pressure difference
∆p across the tubule is zero. Insertion of a polymer chain inside a tubule leads to an excess entropic pressure that
brings about a change in volume. For a spherical bulged configuration to be energetically stable, the sum of the
work done in deforming the tubule ∆pdV and the elastic energy cost of the deformed tubule must be equal to that
of the undeformed cylinder. We thus scan the parametric space of two dimensionless parameters D/R0 and R/R0
numerically to find optimal shapes for the above condition to be satisfied.
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(a) (b)
FIG. 9. Surface plots of the elastic energy of (a) an undeformed cylindrical tube, compared against a deformed tube with
a spherical bulge. The deformed tubule has a higher bending energy compared to the undeformed cylinder, with the energies
being equal when D/R0 = 2 and R/R0 = 1. (b) Total energy of the deformed cylinder acounting for the work done by
the increase in internal pressure due to the insertion of the polymer, for p˜ = −0.0002 compared against the energy of an
undeformed cylindrical tubule. Two isosurfaces intersect where the total energy of the deformed tube is equal to the energy of
the undeformed tube. The locus of intersection points traces a family of curves for which the energy of the deformed tubule is
equal to that of the undeformed one.
The work done by the excess pressure ∆p on the tubule is given by,
Fp = −∆p
∫
v
dV. (12)
For the spherical bulge geometry shown in the Fig. (8) this yields,
Fp = −∆p
[
pi
(
D
2
)2
(L− 2R+ 2h) + 4
3
piR3 − 2
3
pih2(3R− h)
]
,
Fp
8piκ
= −p˜
[
D2L
32
+
1
6
(
R2 − D
2
4
) 3
2
]
,
(13)
where p˜ = ∆p/κ. Thus total energy of the deformed tube is sum of bending energy and the work done by the excess
pressure, Ftot = Fb + Fp. We plot Ftot as a function of the dimensionless parameters D/R0, and R/R0. As seen
in Fig. (9b) Ftot intersects with lowest energy state of the undeformed tube for a range of pressure values p˜ values.
Fig. (9b) shows such an intersection point for p˜ = 0.0002.
The intersection between the two planes traces out a curve yielding a family of shapes that minimise the Helfrich-
Canham free energy. However, not all solutions satisfy the area constraint. The area of a deformed tubule can also be
plotted in the D/R0-R/R0 parametric space following Eq. (8). The intersection between this area function and that
of a cylindrical tubule traces out yet another family of curves for which the area of the deformed tube is equal to that
of the undeformed cylinder as shown in Fig. (10). Corresponding D and R values on the curve line maintain constant
area constraint. Implementing constant area constraint in conjunction with the minimum free energy condition we
obtain a deformed tubular profile for an imposed pressure p˜ for which the free energy is a minimum. The shape
parameters D/R0 and R/R0 are uniquely determined for a given pressure p˜.
Fig. 11(a) shows the intersection point of three planes formed by the elastic energies of the deformed and undeformed
cylinder and the area as a function of the variational parameters D/R0, and R/R0. The intersection of all three planes
yields the unique value of shape parameters for a given pressure p˜. Fig. 11(b), shows p˜ as a function of R/R0, the
radius of the spherical bulge and the diameter of the tube D/R0. As shown in the figure, the equilibrium shape
parameters D/R0 = 2, and D/R0 = 1 in the absence of pressure correspond to the undeformed cylinder (Fig. 11).
The geometric parameters R/R0 and D/R0 values can be obtained for a particular choice p˜, that minimises the elastic
free energy obeying the constant area constraint of the deformed membrane tube.
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FIG. 10. (a) Surface plots of the area of spherical bulge and undeformed cylindrical tube in the D/R0-R/R0 plane. The
two surfaces intersect at points where the total surface area is equal to the area of the undeformed tube. (b) Locus of the
intersection points of the two planes traces a family of curves in the parametric space.
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FIG. 11. (a) Surface plot of total energy of the deformed cylinder acounting for the work done by the increase in internal
pressure due to the insertion of the polymer, for p˜ = 0.0002 compared against the energy of an undeformed cylindrical tubule.
Area constraint will give perticular value of D/R0 and R/R0 for that particular p˜. (b) To get minimum energy of the deformed
tubule, each p˜ corresponds to particular solution of D/R0 and R/R0.
B. Drop on a fibre or sinusoidal bulge model
Though the variational calculation using a “cylindrical tubule with a spherical bulge” ansatz gives a measure of the
excess pressure exerted by the polymer it has a limitation i.e. the kink in the deformed tubular membrane where the
undeformed tubule joins with the deformed spherical bulge is unrealistic. We consider an ansatz where the deformed
section smoothly connects to the undeformed tubule using a shape ansatz akin to a “drop wetting a fibre” [33] given
by,
z =
D
2
+
R
2
[
1− cos 2pix
ξ
]
0 ≥ z ≥ ξ, (14)
where z(x) is the displacement of the membrane from its symmetry axis. The deformed axisymmetric shape smoothly
connects with the undeformed segment, i.e. a cylinder of length L − ξ having a diameter D. In order to ensure the
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continuity of the membrane, we match the value of the function z(x) and the derivative z′(x) at the intersection point
between the deformed and undeformed segments. Further, we ensure that z′(x = ξ) = 0.
(a) (b)
FIG. 12. Schematic figure of a tubular membrane showing (a) an undeformed tube, and (b) a cylindrical section of diameter
D attached to a sinusoidal axisymmetric curve. The axial deformation scale of the bulge is ξ while the maximum deformation
of the membrane is R+ D
2
. Length of the unreformed and deformed cylinder is L.
We compute the area of the deformed tube using the functional form of Eq. (14), where dA =
√
1 +
(
dz
dx
)2
dx
Adrop = piD(L− ξ) +
∫ ξ
0
2pi z dA,
= piD(L− ξ) +
∫ ξ
0
2pi z dA. (15)
Similarly the volume of the deformed tube using the functional form in Eq. (14) is given by,
Vdrop = pi
D2
4
(L− ξ) +
∫ ξ
0
pi z2 dx,
= pi
D2
4
(L− ξ) + piξ
8
(2D2 + 4DR+ 3R2). (16)
Using Fig. (12(b)), principal curvatures of the meridian curve and the one perpendicular to the symmetry axis is
given by, c1 = − z¨(1+z˙2)3/2 , and c2 = 1z√1+z˙2 (where z˙ = dzdx and z¨ = d
2z
dx2 ) respectively.
The elastic energy due to the deformation of the membrane can be calculated from the Helfrich-Canham Hamilto-
nian [34] and is given by,
Fb =
κ
2
∫
A
(c1 + c2)
2dA,
= 8piκ
L− ξ
4D
+ κpi
∫ ξ
0
(
− z¨
(1 + z˙2)3/2
+
1
z
√
1 + z˙2
)2
z
√
1 + z˙2 dx,
Fb
8piκ
=
L− ξ
4D
+
1
8
∫ ξ
0
(
− z¨
(1 + z˙2)3/2
+
1
z
√
1 + z˙2
)2
z
√
1 + z˙2 dx. (17)
The work done by the pressure in deforming the cylindrical tubule to bring about a shape change is given by Eq. 12
Fp = −∆p
[
pi
D2
4
(L− ξ) + piξ
8
(2D2 + 4DR+ 3R2)
]
,
Fp
8piκ
= −p˜
[
D2
32
(L− ξ) + ξ
64
(2D2 + 4DR+ 3R2)
]
,
(18)
where p˜ = ∆p/κ.
Fig. 11 shows the isosurface of the elastic energy of the deformed tubule using the drop on a fibre shape ansatz, and
the undeformed cylindrical tubule plotted in the D/R0 - R˜/R0 parametric plane (R˜ = R+D/2), for a fixed value of
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ξ. As in the case for the spherical bulge model the locus of the intersection points between the two isosurfaces traces
out parameter values for which the deformed cylinder has the same energy as an undeformed tubule. Fig. 11(b) shows
a family of curves for different values of ξ and a given value of shape parameters R˜/R0, and D/R0, that minimise the
elastic free energy.
(a) (b) (c)
FIG. 13. (a) Total energy of the deformed “drop on a fibre” geometry for p˜ = 0.0002, R0 = 12, L = 300 and undeformed
cylindrical tube. Two surfaces intersect at a point where the total energy of the deformed tubule equals that of the elastic
energy of the undeformed tube. (c) p˜ corresponding D/R0 and R/R0 with particular ξ (value used in the (b)) to get minimum
energy of the deformed tube.
In conjunction with the area conservation constraint imposed on the deformed surface we obtain a unique value of
shape parameters D/R0 and R/R0 for which the elastic energies of the deformed and undeformed surfaces are equal
for a given value of ξ. The family of curves for which the area constraint is satisfied is shown in Fig. (13b). The
intersection of the family of curves that satisfy equal energy and area constraint between deformed and undeformed
tubules gives rise to different pressures p˜.
We note that the three parameter variational minimisation of the elastic free energy is non-unique, as the number
of variables ξ, R˜/R0, and D/R0 is more than the number of constraints. It is thus possible to find more than one
solution with a different combination of D/R0, R˜/R0, and ξ that simultaneously minimise the free energy and satisfy
the constant area constraint. We therefore need an additional input to uniquely determine the shape and hence the
pressure exerted by an encapsulated polymer chain. This can be carried out in imaging studies by measuring the axial
deformation length ξ. One can than use the “drop on a fibre” shape ansatz and the calculational scheme outlined
here to uniquely determine the pressure exerted by a semiflexible chain on the walls of a soft tubule. Along with the
calculation of pressure based on free energy of the confined polymer this forms a self-consistent scheme to connect
the conformational states of confined chains with their thermodynamic behavior.
V. SI: MOVIE
SI movie shows the time evolution of a polymer encapsulated in a tubule starting from a random initial polymer
conformation to the equilibrium sate obtained using CGMD simulations. The first and second columns show the axial
and radial cross sections of lipid tubule. The encapsulated semiflexible polymer (green beads) of size N = 2000σ, is
confined in the bilayer lipid tubule having hydrophilic head groups (red beads) and hydrophobic tails (blue beads).
For rigid tubules having κ = 24kBT (a) swollen chain is seen (first row), while for softer κ = 12kBT tubules (second
row) (b) a prolate ellipsoidal conformation is observed. The persistence length of the polymer in this case is lp = 13σ.
The third row (c) shows a toroidal coil for a polymer with lp ' 200σ, (such that lp & ξ).
